Abstract. In this article we define a new family of subgroups of Fuchsian groups H( √ m), for a squarefree positive integer m, and calculate their index in H( √ m) and their parabolic class number. Moreover, we will show that the index of these subgroups is closely related to the solvability of a quadratic congruence x 2 ≡ m(mod n) and the number of inequivalent solutions of a quadratic congruence x 2 ≡ 1(mod n). Finally, we will show that the results obtained by Yilmaz and Keskin [Acta Math. Sin 25 (2005), 215-222] are immediate corollaries of one of the main theorems of this article.
Introduction
A Fuchsian group G is a finitely generated non-elementary discrete group of conformal homeomorphisms of the hyperbolic plane H. By the classical results of Fricke and Klein, Fuchsian groups of the first kind have the following presentation:
Generators: 
We then say G has signature (see [1] )
where g is the genus of its underlying Riemann surface, m 1 , · · · , m d are the periods of the non-conjugate elliptic elements and t is the parabolic class number of the group. The signature tells us there are exactly d nonconjugate (in G) maximal cyclic subgroups of G generated by elliptic elements of order m j (j = 1, · · · , d) and t non-conjugate (in G) maximal cyclic subgroups of G generated by parabolic elements.
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Let m be a squarefree natural number and let H( √ m) denote the discrete subgroup of P SL (2, R) , which contains all mappings of the form When m = 1, the resulting group is the modular group Γ(1) and when m = 2 or m = 3, the resulting groups are the Hecke groups whose elements are completely described in [4] and [19] . Even though there is no complete classification of the elements of all Hecke groups, there have been attempts by various authors towards it (see [2] , [13] , [14] , [15] , [16] , [17] , and [20] ). A family of subgroups of H( √ m) defined by one congruence relation are given by and their index and parabolic class number can be found in [10] . For the general case m = 1, Keskin [6] showed that H m 0 (N ) is a subgroup of finite index in H( √ m) and he gave their parabolic class numbers. It is our interest to introduce a subgroup of the above Fuchsian groups defined using two linear congruences. These subgroups (for m = 1) were first introduced by Ludwick ([9] ) in his study of congruence restricted modular forms. He showed that if f (z) is a modular form on a congruence subgroup Γ 0 (N ), then the function f (z; r, t) obtained by summing over the terms of the Fourier series expansion of f (z) with index congruent to r modulo t is itself a modular form on a (smaller) congruence subgroup defined below. However, very little is known about them.
A family of subgroups of the modular group, denoted by Γ 0,n (N ), are defined using two linear congruences by
The set Γ 0,n (N ) is a subgroup of Γ(1) if and only if n|N . It is easy to see that if n|N , then Γ 0,n (N ) is a subgroup of Γ(1). Conversely, if Γ 0,n (N ) is a subgroup of Γ(1), then
This implies that N ≡ 0(mod n). We will analogously define subgroups of the Fuchsian groups H( √ m) using two linear congruences as follows. For any two positive integers n and N with the property that n|N , define
One can easily show that H 
We call H m e the even subgroup of H( √ m) (see [2, p. 61] ). We will often make use of the following basic lemmas whose proofs are omitted as they are straightforward consequences of the above definitions. 
We want to determine the index of the subgroups Next we will define a group isomorphism to complete the proof of the lemma. Define a mapping Φ :
It can be easily shown that Φ is a group isomorphism and Φ H m 0,n (N ) = Γ 0,n (mN ). By the Lattice Isomorphism Theorem (see [3] ) we get Proof.
(⇐) Suppose that the quadratic congruence
has no solution. Then the congruence
where mm ≡ 1(mod n), has no solution. If
, which is a contradiction. Thus,
has a solution. If m is a positive integer such that mm ≡ 1(mod n), then the congruence
has a solution. Let a 0 be a solution to the above quadratic congruence. Since n|N , we can express N as N = n · n 1 · N 1 , where gcd(n, N 1 ) = 1 and every prime factor of n 1 is a prime factor of n. For all k ∈ Z, we have gcd(a 0 +knn 1 , nn 1 ) = 1. Moreover, there exists a nonnegative integer l such that
and hence gcd(a 0 + lnn 1 , N) = 1.
From the above arguments one can easily show that gcd((a 0 + lnn 1 ) 2 m, N ) = 1. There exist two integers u and v in Z such that (a 0 + lnn 1 )
Combining the above two congruences we get
and hence
This completes the proof of the lemma.
Proof. In this case the subgroup H m 0,n (N ) may not be contained in H m e . Let Φ be the isomorphism defined in the proof of Lemma 2.3. If
By the Lattice Isomorphism Theorem (see [3] ) we get
Hence, by using Lemma 2.4 we obtain 
is given by
Proof. Suppose that N and n are as given in the hypothesis and let N 0 = 2 s+θ p
. Clearly n|N 0 , n and N 0 have the same set of prime factors, and gcd(N 0 , N 1 ) = 1.
Since
, and the principal congruence subgroup of level N ,
is a subgroup of Γ 0,n (N ) such that (see [5] and [12] )
it is enough to show that
Following the approach taken by Rankin [12] the index of Γ(N ) in Γ 0,n (N ) is the same as half (since the latter group viewed as a group of matrices over integers contains −I) of the number of incongruent solutions, modulo N , to the system of congruences
Since there are N distinct choices for b, it is enough to show that the number of incongruent solutions, modulo N , to the system of congruences
Note that the system of congruences 
We want to show that
Using the Euclidean division algorithm, one can write
This completes the proof of the claim. Therefore, each solution to the system of congruences (6) gives rise to φ(N 1 ) incongruent solutions to the system of congruences (5) . Thus, the system of congruences
incongruent solutions modulo N and hence the system
has N · K(n) · φ(N 1 ) · N nN 1 incongruent solutions modulo N . So for any n and N satisfying the given description we showed that
The following corollary is an immediate consequence of the above lemma.
Corollary 1. If n|N , then Γ 0,n (N ) is a normal subgroup of Γ 0 (N ) with
Moreover,
The following corollary is an immediate consequence of the above lemma and Theorem 4.2.5 [10] .
Corollary 2. Let N be any positive integer and let
Then the following are true:
for any n|N and
where N 1 is the largest positive divisor of N that is relatively prime to n
k for some odd prime p and k ∈ N.
Theorem 2.1. For any two positive integers n and N such that n|N , we have
Proof. The proof follows from Lemmas 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, and Corollary 1.
The result obtained by Keskin [6] is a corollary of the above theorem. 
Proof. It is easy to show that H m 0 (N ) = H m 0,n (N ) for n = 1. By Theorem 2.1, we obtain
This completes the proof of the corollary. 
The parabolic class number
Let Γ be a Fuchsian group. If r ∈ R ∪ {∞} is fixed by a parabolic element of Γ, then we say that r is a parabolic point or a cusp of Γ. We now give a theorem from [10] , which is related to the parabolic points of Γ and all its finite index subgroups.
(b) If Γ is a subgroup of Γ of finite index, then the set of cusps of Γ is the same as that of Γ. 
The period (cusp width) of the parabolic point u v is N gcd (v 2 , N) . The parabolic class number of Γ 0 (N ) is given by
The following lemma, which can be found in [8] and also in [10] in a more general setting, which is also true for any Fuchsian group G, will be useful in this article.
Lemma 3.1. Let G and H be subgroups of finite index in the modular group Γ(1)
and H is a normal subgroup of G. For a cusp q of G, the number of H-inequivalent cusps which are G-equivalent to q is equal to (13) [
Proof. Suppose that λ is the smallest natural number
Therefore the number of H-inequivalent cusps that are G-equivalent to q is given by
This completes the proof of the lemma. 
Proof. For convenience let Γ = Γ 0 (N ) and Γ = Γ 0,n (N ). For a = u v ∈ P 0 (N ), the set of elements of Γ fixing a is a cyclic group given by
. Since Γ is a subgroup of Γ of finite index, there exists a smallest natural number h such that
That means h is the smallest natural number such that
The number of Γ -inequivalent cusps that are Γ-equivalent to a, by Lemma 3.1, is given by
To simplify some of the calculation we are about to see, let us introduce a set, 
where δ = min{θ, β − θ} and g = gcd v 1 , N 1 v 1 .
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Then, the set
can be taken as M(v, N ). Thus, we can rewrite the set of inequivalent cusps of Γ 0 (N ) as
Lemma 3.3. The parabolic class number of the congruence subgroup Γ 0,n (N ), denoted by σ ∞ (n, N ), is given by
where M(v, N ) is as defined above.
Proof. Use Lemma 3.2 and (15).
Proof. Suppose that p is an odd prime and δ 1 and δ 2 are as defined in the lemma.
gcd n 1 ,
The proof is similar for the case p = 2. Proof. One can easily prove the above result by direct computation of the sum. φ(p
